5.3 The Fundamental Theorem of Calculus (FTC)

The Fundamental Theorem of Calculus is appropriately named because it establishes a connection
between the two branches of calculus: differential calculus and integral calculus. The Fundamental
Theorem of Calculus give the precise inverse relationship between the derivative and the integral.

The Fundamental Theorem of Calculus, Part 1: IF £ is continuous on [a, b], THEN, the function g defined
by

X
glx) = ff(t)dt a<x<b
a
is continuous on [a, b] and differentiable on (a, b) and g'(x) = f(x).
Using Leibniz notation for derivatives, we can write FTC1 as

X

= [ rwae =

dx f - f X
a

Example: Find the derivative of the function using FTC1

a) F(X)=f;w/1 + sec(t)dt [Hint: fxo,/l + sec(t)dt = — fox,/l + sec(t)dt]
F(x) =-— j J 1+ sec(t)dt
0
F'(x) = —/1+ sec(x)

(Roughly speaking, FTCI says that if we first integrate £ then differentiate the result, we get back to the
original function £ However, when the upper limit “X” is a more involved function, we must use the

chain-rule and use the derivative of the upper limit.)

b) y = f13x+2 1;3 dt Letu = 3x+ 2, then
r i 3x+2 t _ i u t _ i u t Q )
y - dx fl 1+4t3 dt - dx 71 1+t3 dt - dx [fl 1+13 dt] dx — Chaln T'ule
, u du_ (Bx+2) 3(3x +2)
y = —
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The Fundamental Theorem of Calculus, Part 2: IF £ is continuous on [a, b], THEN,

b
[ r@ax = F® - F@

where F is any antiderivative of £ that is, a function such that F’ = £

Example: Evaluate the integrals:

a) [ (x? + 2x — 4)dx b) [+ sin(6)do



3
a) ff'(x2 + 2x — 4)dx =F(3) - F(1), where F(x) = x? + x? — 4x so the equation can be written as

3

(Feo-r)-(-1-1)-
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14 14 32
6—(-=)=6+—="

. 33 13
f(xz +2x —4)dx =F(x)]3 = (; +32 — 4(3)) - (— —-1?% — 4(1)) =
1

3 3 3
b) fETE sin(8)d6: Since the antiderivative of sin @ = — cos 8, we have
6
( V3 2++3
: — —cos]®, = — ——cos(T) = AW
fsm(@)d@ = cos]n/6 = — cos(m) — (— cos (6) = —cos(m) + cos (6) =—(-1D+ > =3

r
6

We now bring together Part 1 and Part 2 of the theorem:

The Fundamental Theorem of Calculus: Suppose f is continuous on [a, b].
1. Ifgx) = f:f(t)dt, then g'(x) = f(x)

2. f: f(x)dx = F(b) — F(a), where F is any antiderivative of £, thatis, F ‘= £

This is the most important theorem of Calculus.




